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Abstract

Weproposeanewrandomizedalgorithmfor maintainingasetofclustersamong
moving nodesin theplane. Givena specifiedclusterradius,our algorithmselects
andmaintainsa variablesubsetof thenodesasclustercenters. Thissubsethasthe
propertythat(1) ballsof thegivenradiuscenteredat thechosennodescoverall the
others and (2) thenumberof centers selectedis a constant-factorapproximation
of theminimumpossible. Asthenodesmove, anevent-basedkineticdatastructure
updatesthe clusteringas necessary. This kinetic data structure is shownto be
responsive, efficient,local,andcompact.Theproducedcoveris alsosmooth,in the
sensethat wholesaleclusterre-arrangementsare avoided.Thealgorithmcanbe
implementedwithoutexactknowledgeof thenodepositions,if each nodeis ableto
senseits distanceto othernodesup to theclusterradius.Such a kineticclustering
canbeusedin numerousapplicationswheremobiledevicesmustbeinterconnected
into anad-hocnetworkto collaborativelyperformsometasks.

1 Introduction

Collaboratingmobiledevicesareof interestin diverseapplications,from wirelessnet-
working to sensornetsto robot exploration. In theseapplicationsthereare mobile
nodesthat needto communicateasthey move so asto accomplishthe taskat hand.
Thesetaskscanvaryfrom establishinganad-hocmulti-hopnetwork infrastructurethat
allows point-to-pointcommunication,to aggregating andassimilatingdatacollected
by distributedsensors,to collaboratively mappinganunknown environment. A chal-
lengecommonto all thesetasksis thatcommunicationis usuallyaccomplishedusing
low-power radio links or othershort-rangetechnologies.As a resultonly nodessuffi-
cientlycloseto eachothercancommunicateandthereforethecommunicationtopology
of the network is stronglyaffectedby nodemotion (aswell asobstacleinterference,
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etc.). Themobilenetworking communityhasbeenespeciallyactive in studyingsuch
problemsin thecontext of networking protocolsallowing theseamlessintegrationof
devicessuchasPDAs, mobilePCs,phones,pagers,etc.,thatcanbemobileaswell as
switchoff andonatarbitrarytimes.An exampleof suchaneffort is therecentBluetooth
specification[17].

A principlethathasbeendiscussedanumberof timesfor enablingsuchcollabora-
tive tasksis theorganizationof themobilenodesinto clusters [4, 8, 13, 22]. Clustering
allowshierarchicalstructuresto bebuilt onthemobilenodesandenablesmoreefficient
useof scarceresources,suchasbandwidthandpower. For example,if theclustersize
correspondsroughlywith thedirectcommunicationrangeof thenodes,muchsimpler
protocolscanbe usedfor routing andbroadcastingwithin a cluster;furthermore,the
sametime or frequency division multiplexing canbe re-usedacrossnon-overlapping
clusters.Clusteringalsoallows thehealthof thenetwork to bemonitoredandmisbe-
having nodesto beidentified,assomenodesin a clustercanplay watchdogrolesover
othernodes[20].

Motivatedby theseissues,in this paperwe study the problemof maintaininga
clusteringfor a setof n moving pointsor nodesin the plane. Thereis, of course,a
hugeliteratureon clustering,asthe problemin many variationshasbeenstudiedby
severaldifferentcommunities,includingoperationsresearch,statistics,andcomputa-
tional geometry. In our settingwe assumethatall thenodesareidenticalandeachcan
communicatein aregionarounditself, whichwetaketo beanLp ball. For mostof the
paperwe will focuson a ball in theL∞ metric, that is an axis-alignedsquarewhose
sideis of lengthr, asthis makestheanalysisthesimplest.We will saythattwo nodes
suchthatoneis within thecommunicationrangeof theotherarevisible to eachother.
We seeka minimal subsetof then nodes,thecenters, suchthatevery nodeis visible
to at leastoneof the centers. In the mobile device setting,unlike the generalfacili-
ties locationcontext, it is appropriateto insist that thecentersarelocatedat thenodes
themselves,asthesearetheonly active elementsin thesystem;thuswe areinterested
in ‘‘discrete center’’ problems. We survey the literatureon the staticversionof this
problemin Section2. Theproblemis known to beNP-completeandmostof theextant
work hasfocusedonapproximationalgorithms.

Much lessis known, however, aboutmaintaininga clusteringon mobile nodes.
Therehave beena few papersin the mobile networking community [4, 8, 13, 22]
proposingandsimulatinga numberof distributedalgorithmsfor clustermaintenance,
but toourknowledgetherehasbeenverylittle priorworkonatheoreticalanalysisof the
problem. Bespamyatnikhet al. investigatedtheproblemof maintaininga continuous
1-centerand1-median[7]. Their mainobservation is that thecenteror medianmight
move fasterthanthepointsin theoptimalsolution.They presenteda 2-approximation
algorithmfor both the1-centerandthe1-mediancaseswith restrictedvelocity on the
resultingcenterandmedian.

In this paperwe presenta new randomizedclusteringalgorithmthatprovidesa set
of centersthat is anO(1) approximationto theoptimaldiscretecentersolution. Our
algorithmusesO(log logn) roundsof a ‘‘centernomination’’procedurein whicheach
nodenominatesanothernodewithin acertainregionarounditself tobeacenter;around
of the nominationprocedurecan be implementedin O(n logn) time. Furthermore,
we show how this approximatelyoptimal clusteringcanbe maintainedas the nodes
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move continuously. The goal hereis to exploit the continuity of the motion of the
nodesso as to avoid recomputingand updatingthe clusteringas much as possible.
We employ the framework of Kinetic Data Structures (KDS) [5, 16] to provide an
analysisof our method. For this analysiswe assumethat nodesfollow postedflight
plans,thoughthey may changethem at any momentby appropriatelynotifying the
datastructure.Thecorrectnessof theclusteringis certifiedby a setof conditions,or
certificates, whosepredictedfailure timesareinsertedaseventsinto an event queue.
At eachcertificatefailure theKDS certificationrepairmechanismis invokedto repair
the certificateset and possibly the clusteringas well. We show that the proposed
structureis responsive, efficient, local, andcompact. Certificatefailuresandflight-
plan updatescan be processedin expectedtime O(log3.6 n) and O(logn log logn)

respectively. Under the assumptionof pseudo-algebraicmotionsfor the nodes,we
show thatour structureprocessesat mostO(n2 log logn) events(certificatefailures).
Wealsogiveaconstructionshowing thatfor any constantc > 1, thereis aconfiguration
of n pointsmoving linearly on the real line so that any c-approximatesetof centers
mustchange�(n2/c2) times. Thus,even thoughan approximateclusteringis not a
canonicalstructure[2], wecanclaimefficiency for ourmethod.

Ourclusteringalgorithmhasanumberof otherattractiveproperties:

• Wecanshow thattheclusteringproducedis anO(1) approximation.

• Theclusteringgeneratedbythealgorithmissmoothin thesensethat,degeneracies
aside,clustersalwayschangeby addingor deletinga small(polylog) numberof
nodes;furthermore,when new centersneedto appear, they are creatednear
existingcenters.Thisallowstheincrementalupdatingof informationmaintained
by anapplicationandconvenientinitializationof newly formedcenters.

• Thealgorithmsupportsdynamicinsertionanddeletionof nodes,with thesame
updateboundasfor acertificatefailure.

• Thealgorithmcanbeimplementedin adistributedfashion:eachnodeneedonly
reasonaboutthenodesvisible to it.

• If a nodecansensewhenits setof neighborschangeswithin certainsubregions
of its visibility range,thealgorithmcanbeimplementedwithoutany knowledge
of theactualpositionsof thenodes.This is advantageousin mobilenetworking
applicationsin which a GPS-typedevice would be expensive to provide with
everymobilenode.Hybrid schemesarealsopossible,whereanodeuseskinetic-
stylepredictionto estimateroughlywhensucheventsmight occurandemploys
activesensing(e.g.,polling) only then,soasto minimizepowerconsumption.

Theremainderof thepaperis organizedasfollows. Section2 summarizesprevious
work ondiscretecentersandrelatedproblems.Section3 introducesthebasicalgorithm
andanalyzesthe approximationfactorsfor the clusteringsit produces.Section4 de-
scribesa hierarchicalversionof thealgorithmandprovestheconstantapproximation
bound.Section5 shows how this clusteringcanbemaintainedkinetically undernode
motion andanalyzesthe performanceof the algorithm. Finally Section6 concludes
with somedirectionsfor futureresearch.
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2 Previous work

Thereis little prior work on thisspecificmobileclusteringproblem.Thestaticversion
of theproblemis known to beNP-complete[11] andto admitaPTAS (polynomialtime
approximationscheme).A variant, the connecteddominatingsetproblem,hasbeen
studiedextensively aswell.

The static versionof the discreteclusteringproblemis equivalent to finding the
minimum dominatingset in the intersectiongraphof unit disks. The dominatingset
problemis definedasfollows. GivenagraphG = (V , E), find aminimumsizesubset
V ′ of vertices,suchthateveryvertex in V \ V ′ is adjacentto somenodein V ′.

Forourproblemwebuild agraphG onall thepointsandcreateanedgebetweentwo
pointsif adiskof sizer centeredatonepointcontainstheotherpoint. Thegoalis tofind
theminimumdominatingsetin G. Thedominatingsetproblemon generalgraphsis
NP-completeandhardtoapproximateaswell. In fact,noalgorithmwith approximation
factorbetterthan(1 − ε) ln n existsunlessNP ⊂ DTIME(|V |log log |V |) [10]. A greedy
algorithmcanconstructa solutionof sizek∗ logn, wherek∗ is thesizeof theoptimal
solution(this follows from areductionto thesetcoverproblem).

For thedominatingsetin anintersectiongraph,severalapproximatealgorithmshave
beendeveloped.Thesimplegreedyalgorithmgivesa constant-factorapproximation.
Hunt et al. [19] gave a PTAS, providing a solutionof sizeno morethan(1 + ε)k∗, for
theoptimalk∗ andany ε > 0. Thebasicideaof thePTAS comesfrom analgorithmby
HochbaumandMaas[18] for thecontinuousvariant,in whichcenterscanbearbitrary
pointson theplane.Roughlyspeaking,themethodin [19] dividesthespaceinto strips
of acertainwidth, andasub-problemis formedby groupingseveralconsecutivestrips
togetherandproceedingrecursively.

The connecteddominatingsethasthe extra condition that the subgraphinduced
by V ′ must be connected. This problemis NP-completeas well [12]. Guhaand
Khuller designedagreedyalgorithmthatachievesanapproximationboundof O(logn)

in a generalgraph[15]. Their algorithmis a slight modificationof thenaturalgreedy
algorithm(pick thenext availablevertex with themaximumdegree).

Unfortunately, thesealgorithmsfrom the theorycommunitydo not easilyextend
to themobilecase.Fixedspatialsubdivisionsgeneratemany updatesto theclustering
aspointsmove acrosssubdivision boundaries.Greedyalgorithmsaresequentialby
natureandhighly sensitive to smallchanges.Thenetworkingcommunity, on theother
hand,hasdevelopedmany routingprotocolsto dealwith changingnetwork topologies.
However, no theoreticalboundshave beenderived for many of theseheuristics. We
notethatourbasicalgorithmis similarto theLowest-IDClusterAlgorithm proposedby
Ephremides,WieselthierandBaker[9]. Experimentsshow thatthisschemeworkswell
in practice.A similaridealeadsto theMax-Min D-clusteringschemethatwasproposed
by Amis et al. [3]. For theconnecteddominatingsetproblem,Wu andLi proposeda
distributedalgorithmthatperformsbadly in theworstcase(O(n)-approximation)but
workswell in simulation[24].
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3 Basic algorithm

Beforepresentingthealgorithms,wefirst givesomeformaldefinitions.A d-cubewith
sizer is a d-dimensionalaxis-alignedcubewith sidelengthr. Whend = 1 or 2, a
d-cubeis alsocalledaninterval or a square,respectively. For two pointsp andq, p is
saidto ber-covered by or r-visible from q if p is insidethecubewith sizer centered
atq. For a setof n points(nodes)P = {p1, p2, . . . , pn} in thed-dimensionalspace,a
subsetof P iscalledanr-coverof P if everypointin P is r-coveredbysomepointin the
subset.Thepointsin acoverarealsocalled(discrete) centers. A minimumr-coverof P
isanr-coverthatusestheminimumnumberof points.WedenotebyαP (r) (orα(r) if P

is clearfrom thecontext) thenumberof pointsin aminimumr-coverof P . An r-cover
is calleda c-approximatecover of P if it containsat mostc · αP (r) points.Whenr is
not mentioned,we understandit to be1. In this paper, we areinterestedin computing
andmaintainingO(1)-approximatecoversfor pointsmoving in thespace.For thesake
of presentation,we will discussour algorithmsfor pointsin oneandtwo dimensions,
but our techniquescangenerallybeextendedto higherdimensions.In therestof the
paper, log is understoodto belog2, andln to beloge, unlessotherwisespecifiedin the
context. Thisdistinctionis importantbecausein afew places,log appearsin exponents,
andwehave to make thebaseexplicit in orderto givepreciseasymptoticbounds.

In thefollowing,wefirst presentthealgorithmsfor thestaticversionof theproblem
andlaterdescribetheir implementationfor moving points.

3.1 Description of the basic algorithm

The algorithm,which is distributedin nature,is the following: we imposea random
numbering(apermutationof 1, 2, . . . , n) ontothen points,sothatpointpi hasanindex
Ni . In mostsituationsin practiceeachmobilenodeis givena uniqueidentifier(UID)
at set-uptime, andtheseUIDs canbethoughtof asproviding therandomnumbering
(eitherdirectly, or viaahashfunctionontheUIDs). Eachpointpi nominatesthelargest
indexedpoint in its visible rangeto bea center(notethata point cannominateitself if
thereis no otherpoint with largerindex insideits range).All pointsnominatedarethe
centersin our solution.A clusteris formedby a selectedcenterandall thepointsthat
nominatedit.

First, we notethat randomizationis essentialfor the performanceof our scheme.
Without randomization,the only approximationboundthat holds, even in the one-
dimensionalcase,is thetrivial O(n) bound.Forexample,considertheone-dimensional
casein which n points are equally spacedalong a unit interval, with their indices
increasingmonotonicallyfrom left to right. Eachpoint in theleft half of thesethasa
differentcenter, which is therightmostpoint within distance1

2 of it. Thusthenumber
of centersproducedby thealgorithmisn/2, eventhoughtheoptimalcoveringusesonly
asinglecenter.

In the following, we areableto show that for anyconfiguration,if theorderingis
assignedrandomly, thebasicalgorithmyieldsasub-linearapproximation(logn in 1-D,
and

√
n in higherdimensions)with highprobability.
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3.2 Analysis for the basic algorithm

3.2.1 Analysis for the one-dimensional case

As a warm-up,we first presenttheanalysisfor this algorithmin the1-D case,where
pointslie alongtherealline andtheunit squarecorrespondsto theunit interval.

Lemma 3.1 If V ′ is a subsetof thepointsthat are mutuallyvisibleto each other, then
there is at mostonepoint in V ′ nominatedbypointsin V ′.

Proof: Only thepointwith themaximumrankin V ′ canpossiblybenominatedby
otherpointsin V ′.

Let theoptimalcentersbeOi , i = 1, 2, . . . , k. We partitioneachunit interval Ui

centeredatOi into twosub-intervalswith Oi asthedividingpoint. Wedefinethevisible
range of aninterval to beall thepointson theline thatarevisible to at leastoneof the
nodesin theinterval andcall nodesin thevisible rangethevisiblesetfor thatinterval.

Theorem 3.2 Thebasicalgorithmhasanapproximationfactorof 4ln n + 2 in expec-
tation.

Proof: It suffices to show that, for eachsub-interval S, the numberof centers
nominatedby pointsin S is at most2 ln n + 1. Thevisible rangeof S is contained
in aninterval of size 3

2 asshown in Figure1. WeuseSl to denotetheportionof the
interval to the left of S andSr for the right portion. Note that thepointsin S are
mutuallyvisible. Lemma3.1 shows thatall thepointsin S nominateat mostone
centerin S.

Now wecalculatetheexpectednumberof centersin Sr thatarenominatedby points
in S. Letx = |S| andy = |Sr | bethenumberof nodesin therespectivesubintervals.
Scanall pointsfrom left to right in Sr . The ith point in Sr canbenominatedby a
point in S only if it hasthelargestindex comparedto all pointsto its left in S ∪ Sr .
Therefore,theexpectednumberof centersin Sr is no morethan

∑y
i=1

1
x+i

< ln n.

(Note that
∑n

i=1
1
i

is asymptoticallyequalto ln n + γ , whereγ = 0.5772. . . is
Euler’sconstant[14]. Becauseoursumbeginswith 1

x+1, our resultis lessthanln n

if x ≥ 1.) A similar argumentworksfor Sl , andwe canconcludethatall pointsin
S nominateatmost2 ln n + 1 centers.

Sl

1
2

3
2

S Sr

Figure1: Visible rangein 1-D

We remark that the approximationboundis asymptoticallytight. Considerthe
following situationin Figure2: theunit interval centeredatp is dividedinto two sub-
intervalsSl andSr . Sl contains

√
n evenly distributedpoints,eachof which cansee
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√
n morepointsin Sr from left to right. In this configuration,with probability0.5, the

leftmostpoint q in Sl nominatesa point in thefirst groupof
√

n pointsin Sr . This is
becauseq sees2

√
n points(

√
n in Sl andanother

√
n in Sr ). Underarandomnumbering,

thepointwith themaximumrankfalls in Sr with probability0.5. In general,apoint in
the ith groupof Sr is nominatedby the i-th point in Sl with probability 1

i+1. Thusthe

expectednumberof centers(in Sr alone)is
∑

√
n

i=1
1

i+1 = �(logn). But asinglecenter
atp coversall thepoints.

1 2 3 4

p

√
n. . . . . .

√
n

√
n

√
n

Sl Sr

Figure2: Lowerboundfor the1-D case

Wecanalsoprove thattheO(logn) upperboundholdswith highprobability. This
fact is useful in our hierarchicalalgorithm,which achievesa constantapproximation
factor, andin ourkineticmaintenancealgorithms.

Theorem 3.3 Theprobabilitythatthebasicalgorithmselectsmorethanck∗ ln n centers
is O(1/n2(c2)), wherek∗ is theoptimalnumberof centers.

Proof: We divide the optimal intervals in the sameway asin the proof of Theo-
rem3.2. Considerasub-interval S andits right portionSr . Welook for thefraction
of randomnumberingssuchthatpointsin S nominatenot too many centersin Sr .
We sortall pointsin S ∪ Sr accordingto their coordinatesfrom left to right into a
sequenceof m points. The sequenceof their indicescanbe viewed asa random
permutationon numbers1, 2, . . . , m. Eachcenterin Sr musthave a biggerindex
thanall theotherpointsto its left. Thus,to guaranteethatpointsin S nominateno
morethans centersin Sr , it sufficesto ensurethatthetotal numberof left-to-right
maximalindicesin thesequenceis no morethans. Thenumberof permutations
with s left-to-right maximais known as the Stirling numberC(m, s), which is

asymptoticallyequalto m! e− θ2
2 /

√
2π , for s = ln m + θ

√
ln m, asm → ∞ and

θ/m → 0 [23]. Let x betherandomvariableof thenumberof left-to-rightmaxima
in thispermutation.Thenwehave

Prob(x ≥ s) =
∫ ∞

s

P(l) dl ≤
∫ ∞

s

C(m, l)

m!
dl .

If wesets = c ln n, this formulabecomes

Prob(x ≥ c ln n) ≤
∫ ∞

(c−1)
√

ln n

e− θ2
2

√
2π

√
ln m dθ

≤
√

ln m

π

∫ ∞

(c−1)
√

ln n√
2

e−x2
dx

≤
n− (c−1)2

2
√

2π(c − 1)
≤ n−2(c2) .
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(The approximationin the last line is obtainedusingthe asymptoticsof the com-
plementaryerror function [1].) For O(k∗) sub-intervals, sinceeachneedsto be
consideredonly twicefor its left andright points,theprobabilitythattherearemore
thanck∗ ln n centersis lessthan2(n) n−2(c2), which is O(n−2(c2)).

3.2.2 Analysis for the two-dimensional case

Unfortunatelythisgoodresultdoesnotextendto higherdimensions.Wewill show that
in two(andhigher)dimensions,themethodaboveproducesa2(

√
n logn) approximate

coverwith highprobability. Theanalysisis similar to the1-D case.Again,weconsider
thesub-squareswith sidelength0.5. For suchasquareS, supposethatL is thevisible
rangeof S. Clearly, L is a squareof side length3/2 andcanbe partitionedinto 9
sub-squareswhereS is thecenterone(Figure3). Now, wehave thefollowing lemma:

Lemma 3.4 Supposethat |L| ≤ m. Thenthe numberof centers nominatedinside
S is O(

√
m) in expectation.Furthermore, the probability that S containsmore than

8
√

m ln m + 1 centers is boundedbyO(1/mln m).

Proof: We needto consideronly thosepoints insideL. It sufficesto boundthe
numberof centersnominatedby pointsin eachsub-squareS′ of L. If S′ = S, since
all thepointsaremutuallyvisible in S, therecanbeat mostonepoint nominated.
For S′ 6= S, supposethatx = |S|, y = |S′|. A point p ∈ S canbenominatedby
a point q ∈ S′ if q finds thatp hasthe largestindex in its visible range. Sinceq

seesall pointsin S′, p musthave rank higherthanall the pointsin S′. Thus,the
probabilitythatp canbenominatedis atmost 1

1+y
. Thus,in expectation,thereare

atmost x
1+y

pointsnominated.Ontheotherhand,sincethereareonlyy pointsin S′,
therecanbeatmosty centersnominatedby pointsin S′. Theexpectedtotalnumber
of centersis thereforenomorethanmin(y, x

1+y
) ≤

√
x + y + 1 − 1 <

√
m.

3
2

1
2

S′

L

S

Figure3: Visible rangein 2-D

Furthermore,if y <
√

m ln m, thenwe know that S′ cannotnominatemorethan√
m ln m points.Otherwise,S′ containsy >

√
m ln m points. In orderto nominate

s pointsin S, S mustcontainat leasts pointswith higherranksthanall thepoints
in S′. Thatis, S mustcontainthes highestrankedpointsin S ∪ S′.
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Theprobabilityfor this to happenis:
(

x

s

)/(

x + y

s

)

=
x!(x + y − s)!

(x + y)!(x − s)!

<

(

x

x + y

)s

<
(

1 −
y

m

)s

<

(

1 −
√

m ln m

m

)s

.

Thus,if s >
√

m ln m, wehave

Prob(x ≥ s) <

(

1 −
ln m
√

m

)

√
m ln m

<

(

1

e

)ln2 m

= O(
1

mln m
) .

Summingoverall the9 sub-squares,weseethattheexpectednumberof centers
nominatedin S is boundedby O(

√
m), andwith high probability, the numberof

centersnominatedis boundedby O(
√

m ln m).

By Lemma3.4,it is easyto obtain

Theorem 3.5 For points in the plane, the algorithm hasan approximationfactor of
O(

√
n) in expectation. Further, the probability that there are more than

√
n ln n · k

centers is O(1/nln n−1), wherek is theoptimalnumberof centers.

Proof: ConsideranoptimalcoveringUi , 1 ≤ i ≤ k. We partitioneachUi in the
optimal solution into 4 quadrantsub-squaresandapply Lemma3.4 to eachsub-
square.Sincethereareat mostO(n) sub-squares,thehigh probability resultalso
holds.

Again, this boundis asymptoticallytight. Considertheconfigurationin Figure4:
theupperleft sub-squareS1 has

√
n points,eachof which canseea distinctsetof

√
n

pointsin thelowerrightsub-squareS2. Eachpointin S1 will nominateapointin S2 with
probability 1

2. Thustheexpectednumberof centersin S2 is �(
√

n). Weremarkthatin
thisanalysis,theuseof theunit squareandthedimensionalityis notessential.It is easy
to extendtheanalysisto any centrallysymmetriccoveringshapein any dimension;the
constantfactors,however, dependon thecoveringshapeandthedimensionality.

Notealsothattheworst-caseexamplesthatprovethetightnessof theupperbounds
in Theorems3.2and3.5 requirea significantlynon-uniformdistribution of thepoints.
If thepointsareuniformly distributed,or within a constantfactorof beinguniformly
distributed,thentheapproximationfactoris O(1). This observationmayexplain the
goodperformanceof thebasicalgorithmobservedin practice[13].

Theorem 3.6 Supposethe points in the place are within a constantfactor of being
uniformlydistributed,i.e., for anysubsquareof theoptimalcover thatcontainsat least
onepoint,denotetheminimumandmaximumnumberof pointsinsidethesubsquare to
bed andD respectively, D

d
≤ c, for a constantnumberc. Thenthealgorithmhasan

approximationfactorof O(c) in expectation.
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1 2 3 4 . . .

pi

. . .

√
n

√
n

√
n

√
n

S1

S2

√
n

Figure4: Lowerboundfor the2-D case

Proof: We usethesamenotationasin lemma3.4. Thentheexpectednumberof
centersnominatedin S by points in S′ is boundedby min(y, x

1+y
) ≤ D

1+d
≤ c.

Similarly, wepartitioneachoptimalcoversquareUi into 4 sub-squares.Theneach
sub-squaregeneratesO(c) centers.Sothetotal numberof centersgeneratedis an
O(c)-approximationof theoptimal.

4 Hierarchical algorithms for clustering

Thebasicalgorithmis simple,but it achievesonly anO(
√

n) approximationfor points
in the plane. To obtain a constant-factor approximation,we will usea hierarchical
algorithm that proceedsin a numberof rounds. At eachround we apply the basic
algorithmto thecenters producedby thepreviousround,usinga largercoveringcube.
Supposethatδi = 2i/ logn, for i > 0. Initially, setP0 to beP , theinput setof points.
At the ith step,for 1 ≤ i < log logn, we applythebasicalgorithmusingsquareswith
sidelengthδi to thesetPi−1 andlet Pi betheoutput.Thefinal outputof thealgorithm
is P ′ = Plog logn−1. (To makeouranalysisfully rigorous,wewouldneedto useblognc
andblog lognc insteadof logn andloglogn; however, in theinterestof readability, we
will omit thefloor functionsfrom thispaper.) Weclaim that:

Lemma 4.1 P ′ is a 1-coverof P .

Proof: Weactuallyproveastrongerstatement:Pi is a 2i+1

logn
-coverof P .

We proceedby induction. Theassertionis clearly truewheni = 0. Supposethat
it is truefor i, i.e., every point p ∈ P canbecoveredby a size2i+1/ logn square
centeredatapointq ∈ Pi . If q is alsoin Pi+1, thenp is covered.Otherwise,there
mustbea q ′ sothatq nominatesq ′ at the(i + 1)th step.Thus,p is coveredby q ′

with a squarewith sidelength2i+1/ logn + δi+1 = 2i+2/ logn. That is, Pi+1 is a
(2i+2/ logn)-coverof P .

In thefollowing,weboundtheapproximationfactorfor P ′. Toexplaintheintuition,
wefirst considerthesituationwhenP admitsasinglecenter, i.e., thereis aunit square
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that coversall the pointsin P . Recallthatα(x) denotesthe numberof centersof an
optimalcoveringof P by usingsquareswith sidelengthx. First,weobserve that

Lemma 4.2 α(x) ≤ 4
x2 .

Proof: We uniformly divide the unit squareinto 4
x2 small squaresof size x

2 . We
thenpick onepointfrom eachnon-emptysmallsquare,whichgivesanx-coverwith
atmost 4

x2 centers.

Accordingto Theorem3.5,theexpectedsizeof Pi+1 is atmostc
√

|Pi |α(δi+1), for
someconstantc > 0. Denoteby ni the sizeof Pi . We have the following recursive
relation:

n0 = n , ni+1 ≤ c
√

niα(δi+1) ≤ c
√

ni

4log2 n

22i+2 .

By induction,it is easyto verify that

ni ≤
(c2 log4 n)n

1
2i

42i−4 .

Thus|P ′| = nlog logn−1 ≤ c2214 = O(1).
We cannotapply this argumentdirectly to the generalcasebecauseα(x) canbe

aslargeas2(n). In orderto establisha similar recursive relation,we considerpoints
restrictedto lie in squaresof a certainsize. For any squareS with sidelengthδi , let
mi(S) denotetheexpectedvalueof |Pi ∩ S|. Further, let mi denotethemaximumof
mi(S) overall thesquaresS with sizeδi . We thenhave thefollowing relationbetween
mi ’s.

Lemma 4.3 mi+1 ≤ c
√

mi , for someconstantc > 0 andany0 ≤ i < log logn − 1.

Proof: ConsiderasquareS of sidelengthδi+1. Its visibleregionL, with respectto
sidelengthδi+1, is a squarewith sidelength2δi+1 = 4δi . ThusL canbecovered
by 42 = 16 squareswith sidelengthδi . That is, |Pi ∩ L| ≤ 16mi in expectation.
By Lemma3.4,we know that theexpectednumberof pointsinsideS thatsurvive
after the (i + 1)th stepof the algorithmis O(

√
|Pi ∩ L|) = O(

√
mi). Thus,we

havemi+1 ≤ c
√

mi , for someconstantc > 0.

Now, wecanprove that

Theorem 4.4 P ′ is a constantapproximationto the optimal covering of P with unit
squaresin expectation.

Proof: Clearlym0 ≤ n. Solvingtherecursive relationin Lemma4.3,we find that

mi ≤ O(c2n
1
2i ). Settingi = log logn − 1, we havemlog logn−1 = O(1), i.e., for a

squareS with sidelength 1
2, theexpectednumberof pointsof P ′ insideS is O(1).

Now, supposethatanoptimalcover usesk unit squares.We canthencover all the
pointsby 4k squareswith sidelength 1

2. Sinceeachof thesesquarescontainsO(1)

pointsin P ′ in expectation,thetotalnumberof pointsin P ′ is boundedby O(k).
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In addition,wehave:

Corollary 4.5 For a modifiedversion of the hierarchical algorithm, i.e., we stopthe
centerelectionprocessas soonas mi dropsbelow logn, thenthe numberof centers
generated is a O(log3 n) approximationto the optimal cover of P , with probability
1 − o(1).

Proof: From Lemma3.4, at round i, mi+1 ≤ 8
√

mi ln mi + 1, with probability

1 − O(1/m
ln mi

i ). So mi+1 ≤ c′m
1/(2−δ)
i for someconstantc′ and 0 < δ <

1. In this corollary, we changethe baseof the log function from 2 to 2 − δ, so

mi ≤ c′ 2−δ
1−δ n

1
(2−δ)i . To obtaina O(log3 n) approximation,we couldstopthecenter

electionprocessas soonas mi dropsbelow logn. For a squareof side length
1, the total numberof centersinside is O(log3 n), becausethe sizeof squaresat
level i is at least1/ logn. We achieve this boundwith probability bigger than
(1 − O(1/(logn)ln logn))log logn−1 ≥ 1 − o(1).

5 Kinetic discrete clustering

To kinetizethealgorithm,we placea half-sizesquarecenteredover eachpoint. If two
suchsquaresintersect,we know thecorrespondingpointsaremutuallyvisible. In this
sectionwhenwesay‘‘squares,’’we referto thesehalf-sizesquares.

5.1 Standard KDS implementation

Theintersectionrelationbetweentwo squarescanchangeonly atdiscretetimes.If two
squaresof thesamesizeintersectwith eachother, onesquaremusthaveacornerinside
the other square. Therefore,we can maintainthe left and right extremaof squares
in x-sortedorderandthe top andbottomextremaof squaresin y-sortedorder. The
certificatesof the KDS are the orderingcertificatesfor the x- and y-sortedlists of
squareextrema.Wemaintainthelistscontainingtheextremaof activesquaresfor each
level of the hierarchy. An event is a certificatefailure. Whenan event happens,we
first checkwhetherit is a ‘‘real’’ event,i.e.,whetherit causestwo squaresto start/stop
intersecting. When two squaresS1, S2 start intersecting,we will needto checkthe
squarewith thelower rank,sayS1, to seeif its nominationhasa lower rankthanS2. If
so,we needto changeS1 to point to S2. If S1, S2 stopintersecting,we needto check
if S1 nominatedS2. If so,we needto find anotheroverlappingsquarewith thehighest
rank.To answerthisqueryefficiently, wemaintainastandardrangesearchtree[21] for
then points.For ourpurpose,theinternalnodesof thesecond-level binarytreesin the
rangetreeareaugmentedwith themaximumindex of thepointsstoredat descendants
of eachnode.This will let usfind thepointswithin a querysquarethatarelargerthan
somequeryindex in O(log2 n) time. To maintaintherangesearchtreeskinetically, we
keepsortedlistsof thex- andy-coordinatesof thepointsthemselves,in additionto the
sortedlists containingthe extremaof the squareson eachlevel. A rangetreecanbe
updatedby deletingapointandre-insertingit in theright place[6].

12



For thehierarchicalalgorithm,we needto maintainthesestructuresfor eachlevel.
In addition,wealsoneedto insertor deleteapoint to or from alevel, asaconsequence
of aneventhappeningat a lower level. This requiresthesortedlists andrangesearch
treesusedin thebasicalgorithmabovetobedynamic.Theserequirementscaneasilybe
satisfiedby maintainingbalancedbinarysearchtreesanddynamicrangesearchtrees.

5.2 Kinetic properties

This kinetic datastructurehasmostof thepropertiesof a goodKDS [5]. We assume
thepointshavebounded-degreealgebraicmotionin thefollowing arguments.

To analyzetheefficiency, i.e., thenumberof events,of ouralgorithms,wefirst give
somelowerboundconstructions.

Lemma 5.1 Thenumberofchangesof theoptimalcoverfor n pointsin motionis2(n3)

in theworst case.

Proof: Considerthe graphG in which eachvertex representsa point and each
edgejoins a visible pair of points. Clearly, theminimumdiscretecoveringof the
pointsis exactly thesameastheminimumdominatingsetof thegraph.Thegraph
canchangeonly whentwo pointsbecomeor ceaseto bevisible to eachother. For
boundeddegreealgebraicmotions,this canhappenonly O(n2) times. For each
suchevent,thechangeto theminimumcoveringis atmostO(n). Thus,in theworst
case,thenumberof changesis O(n3).

We now constructan example in which any optimal cover must change2(n3)

times.Theconstructionuses6m+ 6 staticpointsalongtheperimeterof arectangle
[0, R] × [0, 1.6], whereR = 0.4(3m + 1). Theleft andright sidesof therectangle
have threepointsapiece,locatedat (0, 0.4i) and(R, 0.4i) for i = 1, 2, 3. Thetop
andbottomsidesof the rectanglehave 3m pointsapiece,locatedat (0.4i, 0) and
(0.4i, 1.6), for i = 1, . . . , 3m. We label the pointscounter-clockwisefrom 0 to
6m + 5 asshown in Figure5. In this configuration,eachpoint i canseethepoints
i − 1, i + 1 (modulo6m + 6) andnootherpoints.Thus,anoptimalcovercontains
2m + 2 centersandcanberealizedin oneof threewaysby usingpoints3i, 3i + 1,
or 3i + 2, respectively, which we call types0, 1, and2, respectively. Clearly, to
changefrom onetypeto another, weneedto make2(m) changesto thecover.

Now considerwhathappenswhena singlepointp moveslinearly alongthex-
axis.Forany i, supposethatqj is themiddlepointbetweenthepair3i+j, 3i+j+1,
for 0 ≤ j ≤ 2. Whenp is locatedat qj , theonly pointsp canseeare3i + j and
3i + j + 1. Thus,anoptimalcoverhasto useeither3i + j or 3i + j + 1 asacenter.
In otherwords,anoptimalcoverhasto beof typej or j +1. It is easilyverifiedthat
whenp movesfrom q0 to q2, anoptimalcover hasto changeits type. Therefore,
an optimal cover undergoes2(m) changeswhenp movesfrom q0 to q2. When
p movesfrom (0, 0) to (R, 0), the numberof changesis 2(m2). We repeatthis
procedureby sendingm pointsalongthex-axis,passingthroughtheinterval [0, R]
oneat a time. This causesa total of 2(m3) changesto optimalcovers. The total
numberof pointsis n = 7m + 6, sothetotalnumberof centerchangesis 2(n3).
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Figure6: Lowerboundapproximatecoverings

While theoptimalcover in thisconstructionchanges�(n3) times,a2-approximate
cover doesnot changeat all—we cansimply useanoptimalcover for thestaticpoints
andassigneachmoving point to bea center. However, in thefollowing, we will show
that for any constantc, thereis a setof moving pointsthat forcesany c-approximate
cover to change�(n2/c2) times.

Theorem 5.2 For anyconstantc > 1, there existsa configuration of n pointsmoving
linearly onthereal line sothatanyc-approximatecoverundergoes�(n2/c2) changes.

Proof: In thefollowing,weassumethatc isanintegerandn = 2cm, wherem > 2c

is aninteger. Wegroupn pointsinto m groups,eachcontaining2c points.Welabel
eachpoint by (i, j) where0 ≤ i < m is thegroupnumber, and0 ≤ j < 2c is the
numberingwithin eachgroup. Initially, all thepointsin theith grouparelocatedat
i · 2m, andthespeedof thepoint (i, j) is j · 2m. To summarize,weconsiderpoints
p(i, j, t) definedasp(i, j, t) = (i + j t) · 2m, for 0 ≤ i < m, 0 ≤ j < 2c, and
t ≥ 0.

Whenevert = k+1/m, for someintegerk < m, p(i, j, t) = (i+jk+j/m) ·2m =
2(i + jk)m+2j . For any two distinctpoints(i, j) and(i′, j ′), if i + jk 6= i′ + j ′k,
then|p(i, j, t) − p(i′, j ′, t)| > 2m − 4c ≥ 2; if i + jk = i′ + j ′k, since(i, j) and
(i′, j ′) aredistinct,j ′ 6= j and|p(i, j, t) − p(i′, j ′, t)| ≥ 2. Thus,at time t , no
two pointsarewithin distance1. In otherwords,any coveringhasto haven centers
(Figure6).

On the other hand,at time t = k for an integer k < m, sincep(i, j, k) =
(i + jk) · 2m where0 ≤ i < m, 0 ≤ j < 2c, andk < m, eachpoint hasposition
2sm for some0 ≤ s < m + 2ck. That is, at t = k, theminimumcoveringhasat
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mostm + 2ck centers(Figure6). Thus,a c-approximatecover mayhave at most
c(m + 2ck) centers.Therefore,betweentimesk andk + 1/m, thereareat least
n−c(m+2ck) = n/2−2c2k changestoany c-approximatecovering. In total,for all
0 ≤ t < K, thenumberof changesisatleast

∑

0≤k<K(n/2−2c2k) > Kn/2−c2K2.
SettingK = n

4c2 < m, we have establishedthat the total numberof changesis

�(n2/c2).

Lemma 5.3 Thenumberof eventsin our basicalgorithmis O(n2).

Proof: An event is thefailureof anorderingcertificatein anx- or y-sortedlist of
squaresidecoordinatesor pointcoordinates.Sincethepointshavebounded-degree
algebraicmotion,eachpair of pointscancauseO(1) certificatefailures.

Theorem 5.4 The numberof eventsprocessedby our hierarchical KDS is at most
O(n2 log logn), andhencetheKDSis efficient.

Proof: Wemaintainx- andy-orderingcertificatesoneachof log logn levels.As in
Lemma5.3,eachpairof pointscancauseO(1) certificatefailuresoneachlevel. In
addition,in thehierarchicalKDS, we needto considertheeventsfor maintaining
therangesearchtree. Thoseeventscanhappenwhentwo pointsswap their x- or
y-ordering. Suchan exchangerequirespossibleupdatesof the rangetreeson all
levelswheretheexchangingpairispresent.Again,thereareO(n2) exchangeevents
ateachlevel.

Wenow proceedto examinethecostof processingthekineticevents.

Theorem 5.5 Theexpectedupdatecostfor oneeventis O(log3.6 n). HencetheKDSis
responsivein anexpectedsense.

Proof: Whentwo pointsexchangein x- or y-order, only therelevantrangesearch
treesneedto beupdated.WeneedO(log2 n) timeto updateeachof log logn range
trees.

Whentwopointspi ,pj start/stopbeingmutuallyvisibleatany levelof thehierarchy,
we canupdatethe centersinvolved with pi , pj in O(log2 n) time, sincewe may
needto searchfor a replacementcenterin the rangetree. Onenew centermay
appearandoneold centermaydisappear;thesechangesbubbleup thehierarchy.

On hierarchy levels above the bottom,we divide the changesinto two kinds,
thosecausedby themotionof thepointsin thatlevel andthosecausedby insertion
or deletionof pointsbubbledup from lower levels. Thenumberof changesof the
first kind pereventis aconstant.

Let usconsidertheinsertionof pointp. Theonly pointsthatmaychangetheir
centersarethosein p’s visible rangeS. We divide S into four quadrantsSi , each
with ki (i = 1, 2, 3, 4) points. If thereis somepoint in Si thatnominatesp to be
its center, the index of p mustbebiggerthanthe indicesof all theki points. The
probabilityof thisoccurringis 1

ki+1. Therefore,theexpectednumberof point-center
changescausedby theappearanceof p is atmost

k1

k1 + 1
+

k2

k2 + 1
+

k3

k3 + 1
+

k4

k4 + 1
+ 1 ≤ 5.

15



Assumingthat p becomesa center, how many centersdoesit replace?For a
givenquadrantSi , supposethenumberof centersits pointsnominateis mi ≤ ki .
At mostoneof thesecentersis insideSi . If m′ pointsareoutsideSi , theprobability
that p replacesj of themis at most1/(m′ + 1). Hencethe expectednumberof
centersreplacedin asinglequadrantis upperboundedby either

1

ki + 1

(

1 +
1 + · · · + mi − 1

mi

)

=
mi + 1

2(ki + 1)
≤

1

2
,

if oneof thecentersis insideSi , or by

1

ki + 1

(

1 + · · · + mi

mi + 1

)

=
mi

2(ki + 1)
≤

1

2

if noneof thecentersis insideSi . Eachreplacedcentermaystopbeingacenteratthis
level of thehierarchy, if it is nominatedby no pointsoutsideS. Thustheexpected
numberof centerscreated/destroyedin this level (inserted/deletedat higherlevels)
dueto theappearanceof p is atmost4 × 1

2 + 1 = 3.

Wecanmakeasimilarargumentfor thedisappearanceof apoint. Sotheexpected
totalnumberof point-centerchangesatall levelsof thehierarchy pereventisatmost

5 × (3log logn + 3log logn−1 + · · · + 1)

which is O(3log logn) = O(log1.6 n).

Since insertionor deletion in a rangesearchtree costsO(log2 n), the total
expectedupdatecostis O(log3.6 n).

Theorem 5.6 ThekineticdatastructureusesO(n logn log logn) storage, andhenceit
is compact.

Proof: Rangetreestake O(n logn) spaceper level. All otherdatastructuresuse
lessspace.

Theorem 5.7 Each point participatesin at mostO(log logn) ordering certificates;
therefore, theKDSis local.

Proof: Eachpointparticipatesin atmostO(1) orderingcertificatesin eachlevel.

5.3 Distributed implementation

The hierarchicalalgorithmcanalsobe implementedin a distributedmanner, making
it appropriatefor a mobile networking scenario. Eachnodebroadcastsa ‘‘who is
there’’ messageandwaitsfor replies.Eachpoint thathearstherequestresponds.The
hierarchy canbeimplementedby having nodesbroadcastwith differentpowerfor each
levelorbyotherlocalpositioningmechanisms.Weemphasizethatnoglobalpositioning
informationis needed.Therefore,eachpoint keepstrack of its neighborhoodwithin
differentsizeranges.This informationis sufficient for eachnodeto selecta centerfor
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eachlevel. Eachnodeneedsto senseor beinformedwhena neighborentersor leaves
any of its log logn ranges.Whensuchan event happens,eachnodeinvolved checks
whetherit needsto updateits center. Whenit nominatesacenterthatis notnominated
by any othernode,thecenterwill alsobeaddedto ahigherlevel andmaycauseupdates
in thatlevel. If anodeceasesto bepointedto by any node,thenit alsohasto bedeleted
from higherlevelsin thehierarchy. Clearly, all of theseoperationscanbedonelocally
withoutcentralizedcontrol.ThetotalstorageneededisO(sn), wheres is themaximum
numberof nodesinsidea node’srange. In the worst case,this canbe 2(n2), but in
practice,s is oftensmall.

Furthermore,we canrestrictthestorageof eachnodeto benε , where0 < ε < 1,
andstill getaconstantapproximation.If we let eachnodekeepup to O(nε) neighbors
andselectacenteramongthem,thenwehave thefollowing:

Lemma 5.8 In 2-dimensionalspace, thenumberofcentersnominatedinsideaunit-size

squareS by thespace-restrictedone-levelalgorithmis O(nmax(1−ε, 1
2 )) in expectation.

Proof: We usethesamenotationasLemma3.4. SupposeL is thevisible rangeof
S. L canbedividedinto 9 sub-squaresof size 1

2. Considerany suchsub-squareS′,
andsupposem = |L|, x = |S|, y = |S′|. For pointsin S′ suchthat thenumberof
neighborsis ≤ nε , from Lemma3.4, theexpectednumberof centersin S thatare
nominatedby thosenodesin S′ is boundedby

√
m ≤

√
n. The restof thepoints

in S′ only storenε neighbors.A point p in S canbe nominatedby thosepoints
only if p hasthe largestindex amongnε points. So theprobability is at most 1

nε .
The expectednumberof centersin S nominatedby points in S′ is no morethan
x/nε ≤ n1−ε .

Let cε denotemax(1 − ε, 1
2).

Theorem 5.9 Theexpectednumberof centers generatedby thespace-restrictedhier-
archical algorithmis a constant-factorapproximationto theoptimum.

Proof: Recallthenotationsin Section4. Fromthepreviouslemmaweestablished

therecurrencemi+1
′ ≤ cm

cε

i . Somi ≤ c
1

1−cε nci
ε . Wesimplychangethebaseof the

log functionfrom 2 to 1
cε

. And theproof in 4.4follows. After log logn − 1 rounds,
weagainobtainaconstantapproximation.

6 Summary and future work

Our randomizedhierarchicalalgorithmcaneasilybe extendedto higherdimensions.
Mostof theanalysisfor the2-Dcaseworksfor any dimensiond, exceptthattheconstant
approximationfactordependsexponentiallyond. Ouralgorithmsalsosupportefficient
insertionor deletionof nodes.

Thisworkalsoraisesseveralopenproblems.In thestandardKDSsetting,wherewe
havenearlylinearspace,ourcenterupdatingalgorithmexploits thefactthattheranges
arealignedcongruentsquares.Canwe find a similar algorithm in a standardKDS
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settingwith congruentdiskrangesinstead?Finally, ouralgorithmis randomizedandit
wouldbeinterestingto find adeterministicalgorithmfor themobilecentersproblem.

Wenotethatouralgorithmclustersbasedsolelyonthepositionsof themobilenodes.
It wouldbeinterestingtodevelopclusteringstrategiesthatutilizeadditionalinformation
aboutthe nodemotions,sayboth positionandvelocity. Suchclusteringsmay be far
morestableundermotion,althoughthey may requiremoreclusters. In fact,a trade-
off betweenthequality andstability of a clusteringneedsto be investigated. Besides
clustering,numerousotherproblemsfor ad-hocnetworks canbe studiedin the same
style as the clusteringproblem, including network connectivity, route maintenance,
nodemisbehavior detection,etc. We shouldalsonotethat theconstantapproximation
ratio in our analysisis quite large. That is partly becauseour analysisappliesin the
worstcase.In practice,wewouldexpectmuchbetterperformance.

We believe that kinetic clusteringis a fundamentalproblemfor the organization
of mobile devicesanddeserves further study. Motion modelsandquality measures
for differentapplicationareasneedto bedevelopedfurther. We expectthat the ideas
presentedwill find applicationsin otherareas,suchastemporaldata-bases,molecular
modelling,andthelarge-scaletrackingof peopleor vehicles.

Acknowledgements

The authorswish to thankMichael Segal andSamir Khuller for useful discussions.
Thework of J.Gao,L. Guibas,andA. Zhuwassupportedin partby NSFgrantsCCR-
9623851andCCR-9910633,USArmy MURI grantDAAH04-96-1-0007andAASERT
grantDAAG55-97-0218,anda grantfrom theStanfordNetworking ResearchCenter.
The work of A. Zhu was also supportedin part by the Lucent & Bell-labs GRPW
fellowship.

References

[1] M. Abramowitz and I. Stegun. Handbookof MathematicalFunctions. Dover,
1972.

[2] P. K. Agarwal, J. Basch,M. de Berg, L. J. Guibas,andJ. Hershberger. Lower
boundsfor kineticplanarsubdivisions.In Proc.15thACMSymp.onComputational
Geometry, pages247–254,1999.

[3] A. D. Amis, R. Prakash,T. H. P. Vuong,andD. T. Huynh. Max-Min D-cluster
formationin wirelessadhocnetworks. In 19thIEEE INFOCOM, March1999.

[4] S.Basagni.Distributedclusteringfor adhocnetworks. In Proc.99’ International
Symp.on Parallel Architectures,Algorithms,and Networks(I-SPAN’99), pages
310–315,June1999.

[5] J.Basch,L. Guibas,andJ.Hershberger. Datastructuresfor mobiledata.J. Alg.,
31(1):1–28,1999.

18



[6] J. Basch,L. J. Guibas,andL. Zhang. Proximity problemson moving points. In
Proc.13thAnnu.ACM Sympos.Comput.Geom., pages344–351,1997.

[7] S.Bespamyatnikh,B. Bhattacharya,D. Kirkpatrick,andM. Segal. Mobile facility
location. In 4th InternationalWorkshopon DiscreteAlgorithmsandMethodsfor
MobileComputing& Communications, 2000.

[8] C. Chiang,H. Wu, W. Liu, andM. Gerla. Routingin clusteredmultihop,mobile
wirelessnetworkswith fadingchannel.In Proceedingsof IEEESICON’97, pages
197–211,April 1997.

[9] A. Ephremides,J. E. Wieselthier, andD. J. Baker. A designconceptfor reliable
mobileradionetworkswith frequency hoppingsignaling.Proc.of IEEE, 75(1):56–
73,Jan1987.

[10] U. Feige. A thresholdof ln n for approximatingset cover. In ACM Symp.on
Theoryof Computing, 1996.

[11] R. J.Fowler, M. S.Paterson,andS.L. Tanimoto.Optimalpackingandcovering
in theplaneareNP-complete.Inform.Process.Lett., 12(3):133–137,1981.

[12] M. R. Garey andD. S. Johnson.Computers and Intractability: A Guideto the
Theoryof NP-Completeness. W. H. Freeman,New York, NY, 1979.

[13] M. GerlaandJ. Tsai. Multicluster, mobile, multimediaradio network. ACM-
BaltzerJournalof WirelessNetworks, 1(3),1995.

[14] R. L. Graham,D. E. Knuth,andO. Patashnik.ConcreteMathematics. Addison-
Wesley, Reading,MA, 1989.

[15] S.GuhaandS.Khuller. Approximationalgorithmsfor connecteddominatingset.
Algorithmica, 20:374–387,1998.

[16] L. J.Guibas.Kinetic datastructures— astateof theart report. In P. K. Agarwal,
L. E.Kavraki,andM. Mason,editors,Proc.WorkshopAlgorithmicFound.Robot.,
pages191–209.A. K. Peters,Wellesley, MA, 1998.

[17] J. Haartsen,M. Naghshineh,J. Inouye,O. Joeressen,andW. Allen. Bluetooth:
Vision,goals,andarchitecture.MobileComputingandCommunicationsReview,
2(4):38–45,Oct1998.

[18] D. S.HochbaumandW. Maas.Approximationschemesfor coveringandpacking
problemsin imageprocessingandVLSI. J. ACM, 32:130–136,1985.

[19] H. B. Hunt, H. Marathe, V. Radhakrishnan,S. Ravi, D. Rosenkrantz,and
R. Stearns.NC-approximationschemesfor NP- andPSPACE-hardproblemsfor
geometricgraphs.Journalof Algorithms, 26(2),1998.

[20] S. Marti, T. J. Giuli, K. Lai, andM. Baker. Mitigating routing misbehavior in
mobileadhocnetworks. In Proc.6thAnnualInternationalConferenceonMobile
ComputingandNetworking, pages255–265,2000.

19



[21] F. P. PreparataandM. I. Shamos.ComputationalGeometry: An Introduction.
Springer-Verlag,New York, NY, 1985.

[22] J.Sharony. An architecturefor mobileradionetworkswith dynamicallychanging
topologyusingvirtual subnets.ACM-BaltzerMobile NetworksandApplications
Journal, 1(1),1996.

[23] J.H. vanLint andR. M. Wilson. A Coursein Combinatorics. CambridgePress,
1992.

[24] J.Wu andH. Li. Oncalculatingconnecteddominatingsetfor efficient routingin
adhocwirelessnetworks. In 3rd InternationalWorkshoponDiscreteAlgorithms
andMethodsfor MobileComputing& Communications, 1999.

20


