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Abstract

e proposea new randomize@lgorithmfor maintaininga setof clustesamong
moving nodesin theplane Givena specifiectlusterradius,our algorithmselects
andmaintainsa variablesubsebfthenodesasclustercentes. Thissubsehasthe
propertythat(1) balls of thegivenradiuscenteedat thechosemodescoverall the
others and (2) the numberof centes selecteds a constant-factompproximation
of theminimumpossible Asthenodesmove anevent-basedineticdatastructue
updatesthe clusteringas necessary This kinetic data structute is shownto be
responsiveefiicient,local,andcompact.Theproducedcoveris alsosmoothjn the
senseghat wholesaleclusterre-arrangementsare avoided. Thealgorithm can be
implementeavithoutexactknowled@ of thenodepositions,if ead nodeis ableto
sensats distanceto othernodesup to theclusterradius. Sud a kinetic clustering
canbeusedn numepusapplicationswhele mobiledevicesmustbeinterconnected
into an ad-hocnetworkto collaboratively performsometasks.

1 Introduction

Collaboratingmobile devicesareof interestin diverseapplicationsfrom wirelessnet-
working to sensometsto robot exploration. In theseapplicationsthere are mobile
nodesthat needto communicateasthey move so asto accomplishthe task at hand.
Thesetaskscanvary from establishinganad-hocmulti-hopnetwork infrastructurethat
allows point-to-pointcommunication to aggreating and assimilatingdatacollected
by distributedsensorsto collaboratvely mappingan unknavn ervironment. A chal-
lengecommonto all thesetasksis thatcommunicatioris usuallyaccomplishedising
low-power radiolinks or othershort-ranggechnologies As a resultonly nodessuffi-

ciently closeto eachothercancommunicatendthereforehecommunicatiortopology
of the network is strongly affectedby nodemotion (aswell asobstacleinterference,
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etc.). The mobile networking communityhasbeenespeciallyactive in studyingsuch
problemsin the contet of networking protocolsallowing the seamlesintegration of
devicessuchasPDAs, mobile PCs,phonespagersetc.,thatcanbe mobileaswell as
switchoff andonatarbitrarytimes. An exampleof suchaneffort is therecentBluetooth
specificatior[17].

A principlethathasbeendiscusse@ numberof timesfor enablingsuchcollabora-
tive tasksis the organizationof themobilenodesnto clusteis [4, 8, 13, 22]. Clustering
allows hierarchicabtructuredo bebuilt onthemobilenodesandenablesnoreefficient
useof scarceresourcessuchasbandwidthandpower. For example,if theclustersize
correspondsoughlywith the directcommunicatiorrangeof the nodesmuchsimpler
protocolscanbe usedfor routing andbroadcastingvithin a cluster;furthermore the
sametime or frequeng division multiplexing canbe re-usedacrossnon-overlapping
clusters.Clusteringalsoallows the healthof the network to be monitoredandmisbe-
having nodegto beidentified,assomenodesn a clustercanplay watchdogrolesover
othernodeq20].

Motivated by theseissues,in this paperwe study the problemof maintaininga
clusteringfor a setof n moving pointsor nodesin the plane. Thereis, of course,a
hugeliteratureon clustering,asthe problemin mary variationshasbeenstudiedby
several differentcommunitiesjncluding operationgesearchstatistics,and computa-
tional geometry In our settingwe assumehatall thenodesareidenticalandeachcan
communicaten aregion arounditself, whichwetaketo bean L, ball. For mostof the
paperwe will focuson a ball in the L, metric, thatis an axis-alignedsquarewhose
sideis of lengthr, asthis makesthe analysisthe simplest.We will saythattwo nodes
suchthatoneis within the communicatiorrangeof the otherarevisible to eachother
We seeka minimal subsetof then nodesthe centes, suchthatevery nodeis visible
to at leastone of the centers. In the mobile device setting,unlike the generalfacili-
tieslocationcontext, it is appropriateo insistthatthe centersarelocatedat the nodes
themseles,asthesearethe only active elementsn the systemthuswe areinterested
in “discrete center” problems. We suney the literatureon the static versionof this
problemin Section2. Theproblemis known to be NP-completeandmostof theextant
work hasfocusedon approximatioralgorithms.

Much lessis known, however, aboutmaintaininga clusteringon mobile nodes.
There have beena few papersin the mobile networking community[4, 8, 13, 22]
proposingandsimulatinga numberof distributedalgorithmsfor clustermaintenance,
butto ourknowledgetherehasbeerverylittle prior work onatheoreticabnalysisof the
problem. Bespamyatniktet al. investicgatedthe problemof maintaininga continuous
1-centerand1-median[7]. Their mainobsenationis thatthe centeror medianmight
move fasterthanthe pointsin the optimalsolution. They presented 2-approximation
algorithmfor boththe 1-centerandthe 1-mediancaseswith restrictedvelocity on the
resultingcenterandmedian.

In this paperwe present new randomizedtlusteringalgorithmthat providesa set
of centergthatis an O (1) approximatiorto the optimal discretecentersolution. Our
algorithmusesO (loglogn) roundsof a“centernomination” proceduren whicheach
nodenominatesnothemnodewithin acertainregionaroundtselfto beacenter;around
of the nominationprocedurecan be implementedn O (nlogn) time. Furthermore,
we shav how this approximatelyoptimal clusteringcan be maintainedas the nodes



move continuously The goal hereis to exploit the continuity of the motion of the

nodesso asto avoid recomputingand updatingthe clusteringas much as possible.
We employ the frameawork of Kinetic Data Structues (KDS) [5, 16] to provide an

analysisof our method. For this analysiswe assumehat nodesfollow postedflight

plans,thoughthey may changethemat ary momentby appropriatelynotifying the

datastructure. The correctnes®f the clusteringis certifiedby a setof conditions,or

certificates whosepredictedfailure timesareinsertedas eventsinto an eventqueue.
At eachcertificatefailurethe KDS certificationrepairmechanisnis invoked to repair
the certificate set and possibly the clusteringas well. We shav that the proposed
structureis responasie, efficient, local, and compact. Certificatefailuresand flight-

plan updatescan be processedn expectedtime O (log*>®r) and O (logn loglogn)

respectiely. Underthe assumptionof pseudo-algebraimotionsfor the nodes,we

shaw thatour structureprocessest most O (n2loglogn) events(certificatefailures).
Wealsogive aconstructiorshaving thatfor any constant > 1, thereis aconfiguration
of n pointsmoving linearly on the real line so that any c-approximatesetof centers
mustchangeQ (n?/c?) times. Thus, even thoughan approximateclusteringis not a

canonicaltructurg[ 2], we canclaim efficiencgy for our method.

Our clusteringalgorithmhasa numberof otherattractize properties:

* We canshaow thatthe clusteringproduceds an O (1) approximation.

» Theclusteringgeneratetyy thealgorithmis smoothn thesensehat,degeneracies
aside clustersalwayschangeby addingor deletinga small (polylog) numberof
nodes; furthermore,when newv centersneedto appear they are creatednear
existing centers Thisallowstheincrementalipdatingof informationmaintained
by anapplicationandcorvenientinitialization of newly formedcenters.

¢ Thealgorithmsupportsdynamicinsertionanddeletionof nhodeswith the same
updateboundasfor a certificatefailure.

» Thealgorithmcanbeimplementedn adistributedfashion:eachnodeneedonly
reasoraboutthe nodesvisibleto it.

* If anodecansenseanhenits setof neighborschangeswithin certainsubreions
of its visibility range thealgorithmcanbeimplementedvithoutany knowledge
of the actualpositionsof the nodes.This is advantageous mobile networking
applicationsin which a GPS-typedevice would be expensve to provide with
everymobilenode.Hybrid schemesrealsopossiblewhereanodeuseskinetic-
style predictionto estimateroughly whensucheventsmight occurandemploys
active sensinge.g.,polling) only then,soasto minimize power consumption.

Theremaindeof thepaperis organizedasfollows. Section2 summarizeprevious
work ondiscretecentersandrelatedoroblems.Section3 introduceghebasicalgorithm
andanalyzeghe approximationfactorsfor the clusteringsit produces.Section4 de-
scribesa hierarchicalversionof the algorithmandprovesthe constantapproximation
bound. Section5 showns how this clusteringcanbe maintainedkinetically undernode
motion and analyzeghe performanceof the algorithm. Finally Section6 concludes
with somedirectionsfor futureresearch.



2 Previouswork

Thereis little prior work on this specificmobile clusteringproblem. The staticversion
of theproblemis known to beNP-completd 11] andto admita PTAS (polynomialtime
approximationscheme).A variant, the connectedlominatingset problem,hasbeen
studiedextensvely aswell.

The static versionof the discreteclusteringproblemis equialentto finding the
minimum dominatingsetin the intersectiongraphof unit disks. The dominatingset
problemis definedasfollows. GivenagraphG = (V, E), find aminimumsizesubset
V' of vertices suchthatevery vertex in vV \ V' is adjacento somenodein V'.

For ourproblemwe build agraphG onall thepointsandcreateanedgebetweenwo
pointsif adiskof sizer centeredtonepointcontaingheotherpoint. Thegoalistofind
the minimumdominatingsetin G. The dominatingsetproblemon generalgraphsis
NP-completeandhardto approximateswell. In fact,noalgorithmwith approximation
factorbetterthan(1 — €) In n existsunlessNP ¢ DTIME (|V|'°9'991V1) [10]. A greedy
algorithmcanconstructa solutionof sizek* logn, wherek* is the sizeof the optimal
solution(this follows from areductionto the setcover problem).

Forthedominatingsetin anintersectiorgraph severalapproximatelgorithmshave
beendeveloped. The simplegreedyalgorithmgivesa constant-ctorapproximation.
Huntetal. [19] gave a PTAS, providing a solutionof sizeno morethan(1 + €)k*, for
theoptimalk* andary ¢ > 0. Thebasicideaof the PTAS comesrom analgorithmby
HochbaumandMaas[ 18] for the continuousvariant,in which centerscanbe arbitrary
pointsontheplane.Roughlyspeakingthemethodin [19] dividesthe spacento strips
of acertainwidth, anda sub-problemnis formedby groupingseveralconsecutie strips
togetherandproceedingecursvely.

The connecteddominatingset hasthe extra conditionthat the subgraphinduced
by V' mustbe connected. This problemis NP-completeas well [12]. Guhaand
Khuller designedh greedyalgorithmthatachiezesanapproximatiorboundof O (logn)
in ageneralgraph[15]. Theiralgorithmis a slight modificationof the naturalgreedy
algorithm(pick the next availablevertex with themaximumdegree).

Unfortunately thesealgorithmsfrom the theory communitydo not easily extend
to the mobile case.Fixed spatialsubdvisionsgeneratamary updatego the clustering
as points maove acrosssubdvision boundaries. Greedyalgorithmsare sequentiaby
natureandhighly sensitve to smallchangesThe networking community ontheother
hand,hasdevelopedmary routingprotocolsto dealwith changingnetwork topologies.
However, no theoreticalboundshave beenderived for mary of theseheuristics. We
notethatourbasicalgorithmis similarto the Lowest-IDClusterAlgorithm proposedy
EphremidesWieselthierandBaker[9]. Experimentshav thatthisschemevorkswell
in practice.A similaridealeadsto theMax-Min D-clusteringschemehatwasproposed
by Amis etal. [3]. For the connectedlominatingsetproblem,Wu andLi proposeca
distributedalgorithmthat performsbadlyin the worst case( O (n)-approximationjut
workswell in simulation[24].



3 Basicalgorithm

Beforepresentinghealgorithms we first give someformal definitions.A d-cubewith
sizer is a d-dimensionalaxis-alignedcubewith sidelengthr. Whend = 1or 2, a
d-cubeis alsocalledaninterval or a squarerespectrely. For two pointsp andq, p is
saidto ber-covered by or r-visiblefrom ¢ if p is insidethe cubewith sizer centered
atq. For asetof n points(nodes)P = {p1, p2, ..., pn} in thed-dimensionabpacea
subsedf P iscalledanr-coverof P if everypointin P isr-coveredby somepointin the
subsetThepointsin acoverarealsocalled(discrete centes. A minimumyr-coverof P
isanr-coverthatusegheminimumnumberof points.Wedenoteby o p (r) (or a(r) if P
is clearfrom the context) thenumberof pointsin aminimumr-coverof P. An r-cover
is calleda c-approximatecover of P if it containsat mostc - ap (r) points. Whenr is
not mentionedwe understandt to be 1. In this paperwe areinterestedn computing
andmaintainingO (1)-approximatecoversfor pointsmoving in thespace For thesale
of presentationywe will discussour algorithmsfor pointsin oneandtwo dimensions,
but our techniqguesangenerallybe extendedto higherdimensions.In the restof the
paper log is understoodo belog,, andin to belog,, unlessotherwisespecifiedn the
contet. Thisdistinctionisimportantbecausén afew placesjog appearsn exponents,
andwe have to make the baseexplicit in orderto give preciseasymptoticoounds.

In thefollowing, wefirst presenthealgorithmsfor thestaticversionof theproblem
andlaterdescribeheirimplementatiorfor moving points.

3.1 Description of thebasic algorithm

The algorithm,which is distributedin nature,is the following: we imposea random
numberingapermutatiorof 1, 2, . . ., n) ontothen points,sothatpoint p; hasanindex
N;. In mostsituationsin practiceeachmobile nodeis givena uniqueidentifier (UID)
at set-uptime, andtheseUIDs canbe thoughtof asproviding the randomnumbering
(eitherdirectly, or viaahashfunctionontheUIDs). Eachpoint p; nominateshelargest
indexedpointin its visible rangeto be a center(notethata point cannominateitself if
thereis no otherpointwith largerindex insideits range).All pointsnominatecarethe
centergn our solution. A clusteris formedby a selecteccenterandall the pointsthat
nominatedt.

First, we notethat randomizatioris essentiafor the performanceof our scheme.
Without randomization the only approximationboundthat holds, even in the one-
dimensionatasejsthetrivial O (n) bound.Forexample considetheone-dimensional
casein which n points are equally spacedalong a unit interval, with their indices
increasingmonotonicallyfrom left to right. Eachpointin the left half of the sethasa
differentcenter which is the rightmostpoint within distance% of it. Thusthenumber
of centergproducedy thealgorithmis n/2, eventhoughtheoptimalcoveringusesonly
asinglecenter

In thefollowing, we areableto shaw thatfor any configuration,if the orderingis
assignedandomly thebasicalgorithmyieldsasub-lineamapproximationlog» in 1-D,
and./n in higherdimensionswith high probability.



3.2 Analysisfor the basic algorithm
3.2.1 Analysisfor the one-dimensional case

As awarm-up,we first presentthe analysisfor this algorithmin the 1-D case where
pointslie alongtherealline andtheunit squarecorrespondso the unit interval.

Lemma 3.1 If V' is a subsebf the pointsthat are mutuallyvisibleto ead other then
thereis at mostonepointin V' nominatedoy pointsin V'.

Proof: Only thepointwith themaximumrankin V' canpossiblybe nominatedoy
otherpointsin V’. 0

Let theoptimalcenterse O;,i = 1,2, ..., k. We partitioneachunit interval U;
centeredat O; into two sub-intenalswith O; asthedividing point. We definethevisible
range of aninterval to beall the pointson theline thatarevisible to atleastoneof the
nodesn theinterval andcall nodesn thevisible rangethevisible setfor thatinterval.

Theorem 3.2 Thebasicalgorithmhasan approximationfactorof 4Inn + 2 in expec-
tation.

Proof: It suficesto shav that, for eachsub-interal S, the numberof centers
nominateddy pointsin S is atmost2In»n + 1. Thevisible rangeof § is contained
in aninterval of size% asshavn in Figurel. We uses; to denotetheportionof the
interval to theleft of S andS, for theright portion. Note thatthe pointsin S are
mutually visible. Lemma3.1 shaws thatall the pointsin S nominateat mostone
centerin S.

Now we calculateheexpectechumberof centersn S, thatarenominatedy points
inS. Letx = |S|andy = |S,| bethenumberof nodesn therespectresubinterals.
Scanall pointsfrom left to rightin S,. Thei" pointin S, canbe nominatecby a
pointin S only if it hasthelargestindex comparedo all pointsto its left in S U ;..

Thereforethe expectedhumberof centersn S, is nomorethan"?_; % <Inn.

(Note that 272171 is asymptoticallyequalto Inn + y, wherey = 0.5772...is
Euler'sconstan{14]. Becauseursumbeginswith leul ourresultis lessthanln n

if x > 1.) A similaragumentworksfor S;, andwe canconcludethatall pointsin
S nominateatmost2Inn + 1 centers. O

I S

=

Nlw

Figurel: Visible rangein 1-D

We remarkthat the approximationboundis asymptoticallytight. Considerthe
following situationin Figure2: the unitintenal centeredat p is dividedinto two sub-
intervals S; and S,. S; contains,/n evenly distributed points, eachof which cansee



+/n marepointsin S, from left to right. In this configurationwith probability 0.5, the
leftmostpoint ¢ in S; nominatesa pointin thefirst groupof /n pointsin S,. Thisis
becausg see®./n points(,/n in S; andanother/zin S,). Underarandormumbering,
thepointwith themaximumrankfallsin S, with probability0.5. In generalapointin
thei™ groupof S, is nominatedby thei-th pointin S; with probabilityl.%l. Thusthe

expectednumberof centergin S, alone)is Zi‘/jl 1%1 = Q(logn). Butasinglecenter

at p coversall the points.

1 2 3 4 .. NN AN IV
=
| = 5‘1 T ‘Sr‘ }
p

Figure2: Lowerboundfor the1-D case

We canalsoprove thatthe O (logn) upperboundholdswith high probability. This
factis usefulin our hierarchicalalgorithm,which achiezesa constantapproximation
factor andin our kinetic maintenancealgorithms.

Theorem 3.3 Theprobabilitythatthebasicalgorithmselectsnorethanck™ In n centes
is 0(1/n®), whee k* is the optimalnumberof centes.

Proof: We divide the optimal intenvals in the sameway asin the proof of Theo-
rem3.2. Considermsub-intenal S andits right portion S,.. Welook for thefraction
of randomnumberingssuchthatpointsin S nominatenot too mary centersn S,.
We sortall pointsin S U S, accordingto their coordinatesrom left to rightinto a
sequencef m points. The sequencef their indicescanbe viewed asa random
permutationon numbersl, 2, ..., m. Eachcenterin S, musthave a biggerindex
thanall the otherpointsto its left. Thus,to guaranteghatpointsin § nominateno
morethans centerdn S,, it sufiicesto ensurehatthetotal numberof left-to-right
maximalindicesin the sequencés no morethans. The numberof permutations
with s left-to-right maximais known as the Stirling numberC (m, s), which is

2
asymptoticallyequalto m! 6_97/«/271, fors = Inm + 6+/Inm, asm — oo and
0/m — 0[23]. Letx betherandomvariableof the numberof left-to-right maxima
in this permutation.Thenwe have

Prolx > s) = /OOP(l)dl < /

If wesets = cInn, thisformulabecomes

© C(m,I)
m!

dl.

Prob(x > clnn)

IA

00 _0?
e 2

f ——A/Inmdo
(c=D/Inn v/ 21

Inm [ 2
N —/ i e ¥ dx
T _1y¥nn
(c=1) 72
(1771)2

<O

n
Vorn(c—-1) ~
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(The approximationin the lastline is obtainedusingthe asymptoticsof the com-
plementaryerror function [1].) For O (k*) sub-interals, sinceeachneedsto be
considereanly twicefor its left andright points,theprobabilitythattherearemore
thanck* In n centerss lessthan® (1) n—©*, whichis 0 (n=©), 0

3.2.2 Analysisfor thetwo-dimensional case

Unfortunatelythis goodresultdoesnotextendto higherdimensionsWe will shov that
in two (andhigher)dimensionsthemethodabove producesa ® (,/n logn) approximate
coverwith highprobability Theanalysids similarto the1-D case Again,we consider
thesub-squarewith sidelength0.5. For sucha squareS, supposehat L is thevisible
rangeof S. Clearly, L is a squareof side length 3/2 and can be partitionedinto 9
sub-squarewheres is the centerone(Figure3). Now, we have thefollowing lemma:

Lemma 3.4 Supposehat |L| < m. Thenthe numberof centes nominatedinside
S is O(4/m) in expectation. Furthermoe, the probability that S containsmore than
8./m Inm + 1 centesis boundedby O (1/m'"™).

Proof: We needto consideronly thosepointsinside L. It sufiicesto boundthe
numberof centersominatedby pointsin eachsub-square’ of L. If §’ = S, since
all the pointsaremutuallyvisible in S, therecanbe at mostonepoint nominated.
For S’ # S, supposeahatx = |S|, y = |S'|. A point p € S canbe nominatedoy

apointg € S’ if g findsthat p hasthe largestindex in its visible range. Sinceg

seesall pointsin §’, p musthave rank higherthanall the pointsin §’. Thus,the
probabilitythat p canbe nominateds atmostﬁly. Thus,in expectationthereare
atmostﬁy pointsnominated.Ontheotherhand sincethereareonly y pointsin §,

therecanbeatmosty centersraominatecy pointsin S’. Theexpectedotal number
of centerss thereforeno morethanmin(y, ) < Jr+y+1-1< . /m.

L

s

Nw

Figure3: Visiblerangein 2-D

Furthermorejf y < /mInm, thenwe know thatS’ cannotnominatemorethan
/m Inm points. Otherwise,S’ containsy > /m Inm points. In orderto nominate
s pointsin S, S mustcontainatleasts pointswith higherranksthanall the points
in §’. Thatis, S mustcontainthe s highestranked pointsin S U §’.



The probability for this to happeris:
X x+y\  xlx+y—s9)!
s s ) (x A+ =9
N s N
<< al > <(1—X> <<l_ﬂ|nm) .
xX+y m m

Thus,if s > /mInm, we have

Jminm
Prohx > s) < (1— %)

1 |n2m 1

Summingover all the9 sub-squaresye seethatthe expectechumberof centers
nominatedin S is boundedby O (i/m), andwith high probability, the numberof
centermominateds boundeddy O (/m Inm). 0

By Lemma3.4,it is easyto obtain

Theorem 3.5 For pointsin the plane the algorithm has an approximationfactor of
0 (y/n) in expectation. Further, the probability that there are more than \/nInn - k
centesis O(1/n""~1), whee k is the optimalnumberof centes.

Proof: ConsideranoptimalcoveringU;, 1 < i < k. We partitioneachU; in the
optimal solutioninto 4 quadrantsub-squaresand apply Lemma3.4 to eachsub-
square.Sincethereareat most O (n) sub-squareghe high probability resultalso
holds. 0

Again, this boundis asymptoticallytight. Considerthe configurationin Figure4:
the upperleft sub-squares; has./»n points,eachof which canseeadistinctsetof /n
pointsin thelowerright sub-squaré,. Eachpointin S1 will nominateapointin S, with
probability%. Thustheexpectednumberof centersn S is Q (y/n). We remarkthatin
thisanalysisthe useof theunit squareandthedimensionalityis notessentiallt is easy
to extendtheanalysigo ary centrallysymmetriccoveringshapdn ary dimensionthe
constanfactors however, dependn the covering shapeandthe dimensionality

Notealsothattheworst-casexamplegshatprove thetightnesof theupperbounds
in Theorems3.2 and3.5 requirea significantlynon-uniformdistribution of the points.
If the pointsareuniformly distributed, or within a constantfactorof beinguniformly
distributed, thenthe approximationfactoris O(1). This obsenation may explain the
goodperformancef the basicalgorithmobseredin practice[13].

Theorem 3.6 Supposédhe pointsin the place are within a constantfactor of being
uniformlydistributed,i.e., for anysubsquae of the optimal cover that containsat least
onepoint, denotehe minimumand maximurmumberof pointsinsidethesubsquae to
bed and D respectively% < ¢, for a constantnumberc. Thenthealgorithmhasan
approximationfactor of O(c) in expectation.



Figure4: Lowerboundfor the 2-D case

Proof: We usethe samenotationasin lemma3.4. Thenthe expectednumberof
centersnominatedin S by pointsin S’ is boundedby min(y, ﬁy) < 1%1 <c.
Similarly, we partitioneachoptimal cover squarelU; into 4 sub-squaresTheneach
sub-squargenerate®) (¢) centers.Sothetotal numberof centersgenerateds an

O (¢)-approximatiorof the optimal. 0

4 Hierarchical algorithmsfor clustering

Thebasicalgorithmis simple,but it achiezesonly an O (\/n) approximatiorfor points
in the plane. To obtaina constant-fctor approximation,we will usea hierarchical
algorithmthat proceedsn a numberof rounds. At eachroundwe apply the basic
algorithmto the centes producedoy the previousround,usinga largercovering cube.
Supposehats; = 2/ /logn, fori > 0. Initially, set Py to be P, theinput setof points.
At theit" step,for 1 < i < loglogn, we applythe basicalgorithmusingsquaresvith

sidelengths; totheset P;_1 andlet P; bethe output. Thefinal outputof thealgorithm
iS P" = Ploglogn—1. (To make ouranalysigully rigorous wewouldneecto usel|logz |

and|loglogn] insteadof logn andloglogn; however, in theinterestof readability we
will omit thefloor functionsfrom this paper) We claimthat:

Lemma4.l P’isal-coverof P.

Proof: We actuallyprove a strongerstatement:P; is a ,%; -coverof P.

We proceedby induction. The assertions clearlytruewheni = 0. Supposéhat
it is truefor i, i.e., every point p € P canbecoveredby asize2*1/logn square
centerechtapointg € P;. If g isalsoin P;, 1, thenp is covered.Otherwise there
mustbeag’ sothatg nominates;” atthe (i + 1) step. Thus, p is coveredby ¢’
with asquarewith sidelength2'*%/logn + 8; 11 = 21+2/logn. Thatis, P; 11 isa
(21+2/logn)-cover of P. a0

In thefollowing, we boundtheapproximatiorfactorfor P’. To explaintheintuition,
we first considetthesituationwhen P admitsa singlecenteri.e., thereis a unit square

10



thatcoversall the pointsin P. Recallthata(x) denoteghe numberof centersof an
optimalcoveringof P by usingsquaresvith sidelengthx. First,we obsenrethat

Lemma4.z2 a(x) < ;iz.

Proof: We uniformly divide the unit squareinto 742 small squaref size 5. We
thenpick onepointfrom eachnon-emptysmallsquarewhich givesanx-coverwith
atmost-% centers. 0

Accordingto Theorem3.5,the expectedsizeof P; 1 is atmostc./|P;|a(8;+1), for
someconstantc > 0. Denoteby n; thesizeof P;. We have the following recursve

relation: ,
4log-n
no=n, njy1 <cy/nia($iy1) < c./niw .

By induction,it is easyto verify that

1
(c?log*n)n?
1= T

Thus|P’| = nioglogn—1 < 2% =0(.

We cannotapply this argumentdirectly to the generalcasebecausex(x) canbe
aslargeas®(n). In orderto establisha similar recursve relation,we considermoints
restrictedto lie in square®f a certainsize. For arny squareS with sidelengths;, let
m;(S) denotethe expectedvalueof | P; N S|. Further letm; denotethe maximumof
m;(S) overall thesquaresS with sizes;. We thenhave thefollowing relationbetween
m;’s.

Lemma4.3 m;+1 < c/m;, for someconstantc > 0 andanyO <i < loglogn — 1.

Proof: ConsiderasquareS of sidelengths; 1. Its visibleregion L, with respecto
sidelengthé; ;1, is asquarewith sidelength2s; 1 = 48;. ThusL canbecovered
by 42 = 16 squarewith sidelengths;. Thatis, |P; N L| < 16m; in expectation.
By Lemma3.4, we know thatthe expectednumberof pointsinside S thatsurvive
afterthe (i + 1)™ stepof the algorithmis O(v/[P; N L]) = O(/m;). Thus,we
havem;1 < c,/m;, for someconstant > 0. a

Now, we canprove that

Theorem 4.4 P’ is a constantappoximationto the optimal covering of P with unit
squaesin expectation.
Proof: Clearlymg < n. Solvingtherecursve relationin Lemmad4.3, we find that
1
m; < O(c?n?). Settingi = loglogn — 1, we have miogiogn—1 = O(1), i.e.,for a
squares with sidelength3, the expectechumberof pointsof P’ insides is O(1).

Now, supposeahatan optimal cover usesk unit squaresWe canthencover all the
pointsby 4k squaresvith sidelength%. Sinceeachof thesesquaregontainsO (1)
pointsin P’ in expectationthetotal numberof pointsin P’ is boundeddy O (k). O
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In addition,we have:

Corollary 4.5 For a modifiedversion of the hierarchical algorithm, i.e., we stopthe
centerelectionprocessas soonasm; dropsbelowlogn, thenthe numberof centes
geneatedis a O(log®n) approximationto the optimal cover of P, with probability
1-0Q).

Proof: FromLemma3.4,atroundi, m;;1 < 8 /m; Inm; + 1, with probability
1- 0(1/m'l.”m”). Somiiy < C,mil/(z—a) for someconstantc’ and0 < § <

1. In this corollary we changethe baseof the log functionfrom 2 to 2 — §, so
1

m; < c/%n@&" . To obtaina O (log® n) approximationwe couldstopthe center
electionprocessas soonas m; dropsbelov logn. For a squareof side length
1, the total numberof centersinsideis O (log®n), becausehe size of squaresat
level i is at least1/logn. We achieve this boundwith probability bigger than
1- 0(1/(|Ogn)|n |0gn))loglogn—1 >1—o0(1). 0

5 Kineticdiscreteclustering

To kinetizethe algorithm,we placea half-sizesquarecenteredver eachpoint. If two
suchsquaresntersectwe know the correspondingpointsaremutually visible. In this
sectionwhenwe say*“squares,” we referto thesehalf-sizesquares.

5.1 Standard KDSimplementation

Theintersectiorrelationbetweertwo squaresanchangeonly atdiscretetimes. If two
square®f thesamesizeintersecwith eachother onesquaranusthave acornerinside
the other square. Therefore,we can maintainthe left and right extremaof squares
in x-sortedorderandthe top and bottom extremaof squaresn y-sortedordetr The
certificatesof the KDS are the ordering certificatesfor the x- and y-sortedlists of
squarextrema.We maintainthelists containingthe extremaof active squaregor each
level of the hierarcly. An eventis a certificatefailure. Whenan event happenswe
first checkwhetherit is a“real” event,i.e.,whetherit causetwo squarego start/stop
intersecting. Whentwo squaresSy, S» startintersecting,we will needto checkthe
squarewith thelower rank,say S, to seeif its nominationhasalower rankthanS,. If
s0,we needto changes; to pointto S». If S1, So stopintersectingwe needto check
if S1 nominateds,. If so,we needto find anotheroverlappingsquarewith the highest
rank. To answetthis queryefficiently, we maintaina standardangesearctree[21] for
then points. For our purposetheinternalnodesof the second-lgel binarytreesin the
rangetreeareaugmenteavith the maximumindex of the pointsstoredat descendants
of eachnode. Thiswill let usfind the pointswithin a querysquarethatarelargerthan
somequeryindex in O (log? n) time. To maintaintherangesearchreeskinetically, we
keepsortedists of the x- andy-coordinate®f the pointsthemseles,in additionto the
sortedlists containingthe extremaof the squareson eachlevel. A rangetreecanbe
updatedby deletinga pointandre-insertingt in theright place[6].
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For the hierarchicallgorithm,we needto maintainthesestructuregor eachlevel.
In addition,we alsoneedto insertor deletea pointto or from alevel, asaconsequence
of aneventhappeningat a lower level. This requiresthe sortedlists andrangesearch
treesusedn thebasicalgorithmaboveto bedynamic. Theserequirementsaneasilybe
satisfiedoy maintainingbalancedinary searchreesanddynamicrangesearcttrees.

5.2 Kinetic properties

This kinetic datastructurehasmostof the propertiesof a goodKDS [5]. We assume
thepointshave bounded-dgreealgebraicmotionin thefollowing aguments.

To analyzetheefficiengy, i.e.,thenumberof events,of our algorithms we first give
somelower boundconstructions.

Lemma 5.1 Thenumberofchangesoftheoptimalcoverfor n pointsin motionis © (n3)
in theworst case

Proof: Considerthe graph G in which eachvertex represents point and each
edgejoins a visible pair of points. Clearly, the minimum discretecovering of the
pointsis exactly the sameasthe minimumdominatingsetof the graph. The graph
canchangeonly whentwo pointsbecomeor ceaseo be visible to eachother For
boundeddegreealgebraicmotions, this can happenonly O (n?) times. For each
suchevent,thechangeo theminimumcoveringis atmostO (n). Thus,in theworst
casethenumberof changess O (n2).

We now constructan examplein which ary optimal cover must change® (n°)

times. Theconstructioruse$m + 6 staticpointsalongthe perimeterof arectangle
[0, R] x [0, 1.6], whereR = 0.4(3m + 1). Theleft andright sidesof therectangle
have threepointsapieceocatedat (0, 0.4i) and(R, 0.4i) fori = 1, 2, 3. Thetop
andbottom sidesof the rectanglehave 3m pointsapiecelocatedat (0.4i, 0) and
(0.4i,1.6), fori = 1,...,3m. We label the points counterclockwisefrom 0 to

6m + 5 asshown in Figure5. In this configurationgachpointi canseethe points
i —1,i + 1 (modulo6m + 6) andno otherpoints. Thus,anoptimalcover contains
2m + 2 centersandcanberealizedin oneof threewaysby usingpoints3i, 3i + 1,

or 3i + 2, respectrely, which we call typesO, 1, and 2, respectiely. Clearly to

changerom onetypeto anotherwe needto make ®© (m) changedo the cover.

Now considemwhathappensvhenasinglepoint p moveslinearly alongthe x-
axis. Forary i, supposéhatg ; isthemiddlepointbetweenthepair3i + j, 3i + j +1,
for 0 < j < 2. Whenp is locatedat g, the only points p canseeare3i + j and
3i + j + 1. Thus,anoptimalcoverhasto useeither3i + j or 3i + j + 1 asacenter
In otherwords,anoptimalcoverhasto beof typej or j + 1. It is easilyverifiedthat
when p movesfrom gg to g2, anoptimal cover hasto changeits type. Therefore,
an optimal cover undegoes® (m) changesvhen p maovesfrom gg to g2. When
p movesfrom (0, 0) to (R, 0), the numberof changess ©(m?). We repeatthis
procedurddy sendingn pointsalongthex-axis,passinghroughtheinterval [0, R]
oneatatime. This causesa total of ® (m3) changego optimal covers. Thetotal
numberof pointsis n = 7m + 6, sothetotal numberof centerchangess © (n3). [
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Figure6: Lower boundapproximatecoverings

While theoptimalcoverin this constructiorchange$2 (n%) times,a 2-approximate
cover doesnot changeat all—we cansimply useanoptimal cover for the staticpoints
andassigneachmoving pointto be a center However, in the following, we will shov
thatfor ary constantc, thereis a setof moving pointsthatforcesary c-approximate
coverto changes2 (n?/c?) times.

Theorem 5.2 For anyconstantc > 1, there existsa configuation of n pointsmoving
linearly ontherealline sothatanyc-approximatecover undegoes2 (n2/c?) changes.

Proof: Inthefollowing, weassumehatc is anintegerandn = 2cm, wherem > 2¢
is aninteger. We groupn pointsinto m groups.eachcontaining2c points. We label
eachpointby (i, j) where0 < i < m isthegroupnumberandO < j < 2c isthe
numberingwithin eachgroup. Initially, all the pointsin thei'" grouparelocatedat
i - 2m, andthespeedf thepoint (i, j) is j - 2m. To summarizeywe considerpoints
p(i, j,t) definedasp(, j,t) = (i + jt)-2m,for0 <i <m,0 < j < 2¢,and
t>0.
Wheneert = k+1/m, for someintegerk < m, p(i, j, t) = (i+ jk+j/m)-2m =
2(i + jk)ym + 2j. Forary two distinctpoints(i, j) and(i’, j/),if i + jk # i’ + j'k,
then|p(, j,t) — pG’, j, t)| > 2m —4c > 2;if i + jk =i’ + j'k, since(i, j) and
@i’, j) aredistinct, j* # j and|p(i, j,t) — p(i’, j/,1)| = 2. Thus,attimet, no
two pointsarewithin distancel. In otherwords,arny coveringhasto haven centers
(Figure®6).

On the otherhand,at time ¢+ = k for anintegerk < m, sincep(i, j, k) =
@i+ jk)-2mwhere0 <i <m,0 < j < 2¢,andk < m, eachpoint hasposition
2sm for some0 < s < m + 2ck. Thatis, att = k, the minimum covering hasat
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mostm + 2ck centergFigure6). Thus,a c-approximatecover may have at most
c(m + 2ck) centers. Therefore,betweerntimesk andk + 1/m, thereareat least
n—c(m+2ck) = n/2—2c%k changeso ary c-approximateovering. In total, for all
0 <t < K,thenumbenfchangessatleast) ., _x (n/2—2c%k) > Kn/2—c?K?.
SettingK = & < m, we have establishedhat the total numberof changess
Q(n?%/c?). 0

Lemma 5.3 Thenumberof eventsin our basicalgorithmis O (n?).

Proof: An eventis thefailure of anorderingcertificatein anx- or y-sortedlist of
squaresidecoordinate®r pointcoordinatesSincethepointshave bounded-dgree
algebraicmotion, eachpair of pointscancauseO (1) certificatefailures. 0

Theorem 5.4 The numberof eventsprocessedoy our hierarchical KDS is at most
O (n?loglogn), andhencetheKDSis efficient.

Proof: We maintainx- andy-orderingcertificatesoneachof loglogn levels. Asin
Lemmab.3,eachpair of pointscancauseO (1) certificatefailureson eachlevel. In
addition,in the hierarchicalKDS, we needto considerthe eventsfor maintaining
therangesearchtree. Thoseeventscanhappernwhentwo pointsswap their x- or
y-ordering. Suchan exchangerequirespossibleupdatesof the rangetreeson all
levelswheretheexchangingpairis presentAgain, thereare O (n?) exchangevents
ateachlevel. 0

We now proceedo examinethe costof processinghekinetic events.

Theorem 5.5 Theexpectedipdatecostfor oneeventis O (log>® n). HencetheKDSis
responsivén an expectedsense

Proof: Whentwo pointsexchangean x- or y-order only therelevantrangesearch
treesneedto be updated We needO (log? n) time to updateeachof loglogn range
trees.

Whentwo pointsp;, p; start/stobeingmutuallyvisibleatary level of thehierarcly,
we canupdatethe centersinvolved with p;, p; in 0 (log? n) time, sincewe may
needto searchfor a replacemententerin the rangetree. One nev centermay
appeatandoneold centermay disappearthesechangedubbleup the hierarcly.

On hierarcly levels above the bottom, we divide the changesdnto two kinds,
thosecausedy the motionof the pointsin thatlevel andthosecausedy insertion
or deletionof pointsbubbledup from lower levels. The numberof change®f the
first kind pereventis a constant.

Let usconsidertheinsertionof point p. Theonly pointsthatmay changetheir
centersarethosein p’'s visible rangeS. We divide S into four quadrantsS;, each
with k; (i = 1, 2, 3, 4) points. If thereis somepointin S; thatnominatesp to be
its center theindex of p mustbe biggerthanthe indicesof all thek; points. The
probabilityof thisoccurringis k—il Thereforetheexpectechumberof point-center
changegausedy theappearancef p is atmost

k1 k2 ks ka
1<5.
k1+1+k2+1+k3+1+k4+1+ -
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Assumingthat p becomesa center how mary centersdoesit replace?For a
given quadrants;, supposehe numberof centersts pointsnominateis m; < k;.
At mostoneof thesecenterssinsides;. If m’ pointsareoutsides;, the probability
that p replaces;j of themis at most1/(m’ + 1). Hencethe expectednumberof
centergeplacedn asinglequadranis upperboundedby either

1 1+ +m—1 m; +1 1
1+ = <z,
ki +1 2(k; +1) — 2

mi
if oneof thecenterdsinsides;, or by

1 (l—i—-u—i—m,’) m; 1

= < —
ki+1 m; +1 2ki +1) — 2

if noneofthecenterssinsides;. Eachreplacedentemmaystopbeingacentemtthis
level of the hierarcly, if it is nominatedoy no pointsoutsideS. Thusthe expected
numberof centerscreated/destyedin this level (inserted/deletedt higherlevels)
dueto theappearancef p is atmost4 x % +1=3

Wecanmakeasimilaragumenfor thedisappearanacaf apoint. Sotheexpected
totalnumberof point-centechangestall levelsof thehierarcly pereventis atmost

5 x (30glogn | gloglogn-1 4 . 1)

whichis 0(3°9'°9") = 0 (log*® n).

Sinceinsertionor deletionin a rangesearchtree costs O (log? n), the total
expectedupdatecostis O (log® n). u|

Theorem 5.6 Thekineticdatastructuie usesO (n logn loglogn) storage, andhencet
is compact.

Proof: Rangetreestake O (nlogn) spaceperlevel. All otherdatastructuresuse
lessspace. 0

Theorem 5.7 Each point participatesin at most O (loglogn) ordering certificates;
therefore, the KDSis local.

Proof: Eachpointparticipatesn atmostO (1) orderingcertificatesn eachlevel. O

5.3 Distributed implementation

The hierarchicalalgorithmcanalsobe implementedn a distributed manner making
it appropriatefor a mobile networking scenario. Each node broadcasta “who is
there” messagandwaitsfor replies. EachpointthathearstherequestrespondsThe
hierarcly canbeimplementedy having nodesbroadcaswith differentpower for each
levelor by otherlocalpositioningmechanismsWeemphasiz¢hatnoglobalpositioning
informationis needed. Therefore,eachpoint keepstrack of its neighborhoodwithin
differentsizeranges.This informationis sufficient for eachnodeto selecta centerfor
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eachlevel. Eachnodeneedgo senseor beinformedwhena neighborentersor leaves
ary of its loglogn ranges.Whensuchan eventhappensgachnodeinvolved checks
whetherit needgo updateits center Whenit nominatesa centerthatis not nominated
by ary othernode thecentemwill alsobeaddedo ahigherlevel andmaycauseupdates
in thatlevel. If anodeceases$o bepointedto by ary node thenit alsohasto bedeleted
from higherlevelsin the hierarcly. Clearly, all of theseoperationsanbedonelocally
withoutcentralizedcontrol. Thetotal storageneededs O (sn), wheres isthemaximum
numberof nodesinsidea node’srange. In the worst case this canbe ® (n2), but in
practice,s is oftensmall.

Furthermorewe canrestrictthe storageof eachnodeto ben¢, where0 < ¢ < 1,
andstill geta constantapproximation.If we let eachnodekeepupto O (n€) neighbors
andselecta centeramongthem,thenwe have the following:

Lemma 5.8 In2-dimensionaspacethenumbermnfcentesnominatednsidea unit-size
squae S by the space-estrictedone-level algorithmis O (nM—¢; %>) in expectation.

Proof: We usethe samenotationasLemma3.4. Supposéd. is thevisible rangeof
S. L canbedividedinto 9 sub-squaresf size%. Considerary suchsub-square’,
andsupposen = |L|, x = |S|, y = |S’|. For pointsin S” suchthatthe numberof
neighborss < n¢, from Lemma3.4, the expectednumberof centerdn S thatare
nominatedby thosenodesin S’ is boundedby /m < /n. Therestof the points
in §” only storen¢ neighbors.A point p in S canbe nominatedby thosepoints
only if p hasthelargestindex amongn¢ points. Sothe probability is at mostn%.
The expectednumberof centersin S nominatedby pointsin S’ is no morethan
x/n€ < nl-e, 0

Let c. denotemax(1 — e, 3).

Theorem 5.9 Theexpectechumberof centes geneatedby the space-estrictedhier-
archical algorithmis a constant-factoapproximationto the optimum.

Proof: Recallthenotationsin Sectiond. Fromthe previouslemmawe established
. 1 .

therecurrencen; 1’ < cmf Som; < c¢T-< n. We simply changehebaseof the

log functionfrom 2 to } And theproofin 4.4follows. After loglogn — 1 rounds,

we again obtaina constangpproximation. 0

6 Summary and futurework

Our randomizedhierarchicalalgorithm can easily be extendedto higherdimensions.
Mostof theanalysidor the2-D casewnorksfor ary dimensiord, exceptthattheconstant
approximatiorfactordepend&xponentiallyond. Ouralgorithmsalsosupportefficient
insertionor deletionof nodes.

Thiswork alsoraisesseveralopenproblems.In thestandar&DS setting wherewe
have nearlylinearspacepur centerupdatingalgorithmexploits thefactthattheranges
are alignedcongruentsquares. Canwe find a similar algorithmin a standardKDS
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settingwith congruentisk rangesnstead?Finally, our algorithmis randomizedandit
would beinterestingo find a deterministicalgorithmfor themobile centergproblem.

Wenotethatouralgorithmclusterdasedolelyonthepositionsof themobilenodes.
It wouldbeinterestingo developclusteringstratgiesthatutilize additionalinformation
aboutthe nodemotions,say both positionandvelocity. Suchclusteringsmay be far
more stableundermotion, althoughthey may requiremoreclusters. In fact, a trade-
off betweenthe quality andstability of a clusteringneedsto be investicgated. Besides
clustering,numerousotherproblemsfor ad-hocnetworks canbe studiedin the same
style as the clusteringproblem, including network connectvity, route maintenance,
nodemisbehaior detectionetc. We shouldalsonotethatthe constanapproximation
ratio in our analysisis quite large. Thatis partly becauseour analysisappliesin the
worstcase.In practice we would expectmuchbetterperformance.

We believe that kinetic clusteringis a fundamentalproblemfor the organization
of mobile devices and deseresfurther study Motion modelsand quality measures
for differentapplicationareasneedto be developedfurther We expectthatthe ideas
presentedvill find applicationdn otherareassuchastemporaldata-basesnolecular
modelling,andthelarge-scaldrackingof peopleor vehicles.
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